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AERONAUTIC  SYMBOLS 

1.  FUNDAMENTAL  AND  DERIVED  UNITS 


Symbol 

Metric 

English 

Unit 

Abbrevia¬ 

tion 

Unit 

Abbreviation 

Lenctth _ 

1 

meter  _ 

m 

foot  (or  mile)  _  _ 

ft  (or  mi) 

Time _ 

t 

second _ 

p 

second  (or  hour) _ 

sec  (or  hr) 

Force___ 

F  1 

weight  of  1  kilogram. 

kg 

weight  of  1  pound . 

lb 

Power  _ _ 

P 

horsepower  (metric)  _  ,  , 

horsepower _  _ 

hp 

Speed _ 

1  ! 

(kilometers  per  hour _ 

kph 

miles  per  hour _ 

mph 

1 

)  meters  per  second _ 

raps 

feet  per  second-- 

fps 

lU 

9 

m 

I 

M 

5 

Sat 

G 

I) 

c 

A 

V 

<1 

L 

D 


D, 


Di 


2.  GENERAL  SYMBOLS 


Weight —m/7 

Standard  acceleration  of  gravity=9. 80665  m/s“ 
or  32.1740  ft/sec“ 

Mass=-'i^ 

Moment  of  inertia —  wF,  (Indicate  axis  of 
radius  of  gyration  k  by  proper  subscript.) 
Coefficient  of  viscosity 


V  Kinematic  viscosity 

p  Density  (mass  per  unit  volume) 

Standard  density  of  dry  air,  0.12497  kg-m“W  at  15*^  C 
and  760  mm;  or  0.002378  lb-ft~‘^  sec^ 

Specific  weight  of  “standard’'  air,  1.2255  kg/m^  or 
0.07651  Ib/cu  ft 


3.  AERODYNAMIC  SYMBOLS 


Area 

Area  of  wing 
Gap 
Span 
Chord 

A  • 

Aspect  ratio,  ^ 

True  air  speed 
Dynamic  pressure,  \  pV‘^ 


Lift,  absolute  coefficient  Gl— ^ 


Drag,  absolute  coefficient  Cp  — 


P_ 

qS 


D 

Profile  drag,  absolute  coefficient 
Induced  drag,  absolute  coefficient  r£>,=^ 
Parasite  drag,  absolute  coefficient 

C 

Cross-wind  force,  absolute  coefficient 


itj}  Anglo  of  setting  of  wfings  (relative  to  thrust  line) 
it  Angle  of  stabilizer  setting  (relative  to  thrust 
line) 

Q  Eesultant  moment 

D  Resultant  angular  Yolocity 

VI 

E  Rovnolds  number,  p  —  where  Z  is  a  linear  dimen- 

M 

sion  (c.g.,  for  an  airfoil  of  1.0  ft  chord,  100 
mpii,  standard  pressure  at  15°  C,  the  corre¬ 
sponding  Reynolds  number  is  935,400;  or  for 
an  airfoil  of  1.0  m  chord,  100  mps,  the  corre¬ 
sponding  Reynolds  number  is  6,865,000) 
a  Angle  of  attack 

€  Angle  of  down  wash 

ao  Angle  of  attack,  infinit(^  aspect  ratio 

at  Angle  of  attack,  induced 

aa  Angle  of  attack,  absolute  (measured  from  zero- 

lift  position) 

7  Flight -path  angle 
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DffiECT  METHOD  OF  DESIGN  AND  STRESS  ANALYSIS  OF  ROTATING 
DISKS  WITH  TEMPERATURE  GRADIENT 

By  S,  S.  M  ANSON 

SUMMARY  I  thermal.  A  direct  method  of  design  for  prescribed  totul- 


.1  method  is  presented  for  the  determination  oj  the  contour  of 
disks,  typified  by  those  of  aircraft  gas  turbines,  to  incorporate 
arbitrary  elastic-stress  distributions  resulting  from  either  centrifi 
ugal  or  combined^  centrifugal  and  thermal  efifects.  The  specijied 
stresses  may  be  radial,  tangential,  or  any  combination  of  the  two. 
For  example,  the  equivalent  stress  may  be  specified  at  each  radius 
inasmuch  as  this  stress  is  generally  used  as  the  cnterion  of  the 
occurrence,  of  plastic  fiou\  f  W  is  made  of  the  finite -difiference 
approach  in  solving  the  stress  equations,  the  amount  of  computa¬ 
tion  necessary  in  the  evolution  of  a  design  being  greatly  reduced 
by  the  judicious  selection  of  jmint  stations  and  by  the  aid  of  a 
design  chart.  Use  of  the  charts  and  of  a  preselected  schedule,  of 
point  stations  is  also  applied  to  the  direct  problem  of  finding  the 
elastic-  and  plastic-stress  distribution  in  disks  of  a  given  design, 
thereby  effecting  a  great  reduction  in  the  amount  of  calculation 
compared  with  previously  published  methods.  Illustrative 
examples  are  presented  to  show  computational  procedures  in  the 
determination  of  a  new  design  and  in  analyzing  an  existing 
design  for  elastic  stress  and  for  stresses  resulting  from  plastic 
flow. 

INTRODUCTION 

The  important  role  of  the  disk  in  the  cas  turbine  has 
directed  much  attention  to  the  analysis  of  .stresses  in  rotating 
disks  with  temperature  gradient.  Early  in  the  development 
of  stress  analysis  of  •steam  turbines,  »Stodola  (reference  1) 
presented  the  basic  equation  for  stresses  in  such  disks,  as 
well  as  a  limited  approach  toward  the  solution.  More 
recently,  in  connection  with  the  development  of  the  gas 
turbine  for  aircraft  propulsion,  the  problem  of  determining 
thermal  stresses  resulting  from  temperature  gi'adient  has 
been  actively  investigated.  Several  methods  liave  been 
developed  (references  2  to  o)  that  can  be  used  to  calculate 
the  stresses  in  a  given  disk  due  to  differential  expan¬ 
sion  and  to  variation  in  physical  properties  of  various 
parts  of  the  disk  operating  at  different  temjieratures.  Thus, 
for  disks  already  ilesigned.  it  is  readily  possible  to  determine 
with  a  high  degree  of  accuracy  the  centrifugal  and  thermal 
stresses  resulting  from  a  given  spe(‘(l  and  temperature 
distribution. 

Little  attention  has,  how(‘ver,  been  directed  towards  the 
problem  of  designing  the  i)rofil(‘  of  a  disk,  which,  when  oper¬ 
ated  at  a  given  speed  and  tiunperature  distribution,  will 
incorporate  a  given  total-stress  system- — centrifugal  plus 


stress  systems  was  developed  at  th(^  NACA  Lewis  laboratory 
during  1948.  Although  the  design  method  can  readily  be 
extended  to  include  plastic  flow,  in  the  interest  of  simplicity 
only  elastic  stresses  are  considered. 

The  specified  stresses  may  be  either  radial  or  tangential 
values,  as  is  common  in  engineering  practice,  or  the  speci¬ 
fication  may  refer  to  any  combination  of  these  stresses.  For 
example,  specification  of  the  equivalent  stress  at  each  radius 
may  be  desired  inasmuch  as  this  stress  is  frequently  used  as 
a  criterion  of  the  occurrence  of  plastic  flow.  The  method  is 
based  on  the  finite-difference  equations  derived  in  reference  ‘3 
and  makes  use  of  several  simple  design  charts,  presented 
herein,  that  facilitate  the  calculations.  An  illustration  is 
presented  for  tracing  the  actual  steps  that  may  be  followed 
in  evolving  a  design. 

A  simplified  method  of  analyzing  an  existing  disk  for 
centrifugal  and  thermal  stress  is  also  described.  The  method 
is  especially  useful  in  checking  the  stresses  in  a  disk  designed 
for  prescribed  stress  distributions,  particularly  if  minoi* 
deviations  from  the  design  profile  are  introduced  for  practical 
reasons,  or  if  creep  or  plastic  flow,  not  considered  during  the 
design  stage,  are  likely  to  occur.  Applications  to  arbitrary 
disks  are  equally  valid.  Essentially,  the  method  is  an 
adaptation  of  the  finite-difference  approach  of  references  3 
and  4,  the  principal  modifications  lying  in  the  use  of  a  pre 
selected  distribution  of  point  stations  and  the  addition  of 
several  alinement  charts  to  facilitate  the  computations. 

Mthough  the  methods  presented  are  of  special  advantage 
in  calculations  involving  thermal  stresses,  they  are  suitable 
for  disks  subjected  solely  to  centrifugal  effects.  Simple 
equations  may  be  obtained  both  for  design  or  for  stress 
analysis  of  rotating  disks  by  setting  all  terms  involving  tem¬ 
perature  equal  to  zero.  The  subject  of  design  for  prescribed 
centrifugal-stress  distribution  has  likewise  received  only 
limited  attention  (examples  of  which  may  be  found  in  refer¬ 
ences  6  and  7);  the  present  method  may  therefore  satisfy  a 
need  in  this  field  of  design. 

DIRECT  METHOD  OF  DISK  DESIGN 

Equations. — The  equations  for  stress  analysis  of  rotating 
disks  ai'o  (referenct'  .3) 

(U 


S7()719— .ill 


{rh (Jr)  —  ha (-ir poi~hr'  =  0 


1 
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And 


i! 

dr' 


dr 


ia^T)  - 


(1  4-m)  {<Jr~(rt) 

. ~  ~Er .  ■ 


^0  (2) 


(All  symbols  aro  dofint'd  in  th(‘  appendix.) 

Equation  (2)  is  a  stat(‘in(Mit  of  tlu‘  relation  tiuit  must  exist 
Ix'tween  tlie  radial  and  tant^ential  stress  distributions, 
n'pirdiess  of  the  shape  of  tlie  disk,  and  tiu’refore  does  not 
contain  the  disk  thickness  h.  (3nce  tlie  stress(‘s  have  been 
chosen  to  b(‘  compatible  in  accordance'  with  e(j nation  (2),  h 
can  be  determined  from  equation  (1). 

Solution  of  compatibility  equation  for  specified  stresses. — 
A  finite-difference  method  for  the  solution  of  equations  (1) 
and  (2)  is  presented  in  reference  3.  Choosing  discrete  point 
stations  alon^  a  radius  permits  the  stresses  at  the  7?th 
station  to  bi‘  expressed  in  terms  of  tin*  stresses  at  tlu'  (/i-l)st 
station.  Equation  (2)  in  finite-differenci'  form  becomes 

1>  O' O’;, (3) 


The  coefficients  1)'„,  and  so  forth  are,  in  ^^eneral,  com¬ 
plicated  expressions  involving  the  radii  r„  and  r„^\  at  the 
nih  and  (x-l)st  stations  as  well  as  the  properties  of  the 
disk  material  at  the  two  stations.  A  great  simplification 
in  the  expressions  results  if  the  radii  r„  and  r„^i  are  not 
cliosen  at  random,  but  are  chosen  according  to  a  preselected^ 
schedule,  for  example,  according  to  the  relation 


=  0.200 

Tn 

If,  in  addition,  Poisson’s  ratio  m  is  assumed  constant  and 
equal  to  0.333,  equation  (3)  reduces  to 

TT 

1 .1 ;« <r,,„-0.466 (T,,„=  ^  (0.833  -0. 1 66 

=Z„  (4) 

Equation  (4)  is  useful  in  the  central  region  of  the  disk 
where  values  of  t\  are  relatively  low.  In  order  to  obtain 
reasonable  spacing  of  the  point  stations  in  the  rim  region 
where  the  radii  are  large,  it  is  desirabh'  to  clioosi'  th(‘  spacing 
according  to  the  i-elation 

=  0.050 

Tn 

Equation  (3)  then  becomes 

1.033<T,.„-0.36()a,.„-=,;(^-”  (0.<)65<7,.,,-i-0.2!»8ct,,„.,)- 

(5) 

As  an  example.  ec|ualion  (4)  is  considered.  If  Or.n^^  iind 
are  already  established  and  if  th(‘  temperatures  at  the 
xlh  and  {?/-l)st  station  are  known,  the  value  of  can  be 
determined;  then  th(‘  only  unknowns  are  and  o-/.,;.  Tlu' 
t'quation  is  liiu'ar  in  and  so  that  whatever  an'  the 
actual  valiu's,  a  plot  of  ar,n  against  results  in  a  straight 
liiu'  defined  by  (‘quation  (4).  In  order  to  t'slablish  tlu' 
individual  values  of  ar,,<  and  another  condition  must  be 


specified.  In  some  designs,  specification  of  cither  the  radial  f 
or  the  tangential  stress  may  bi'  desired ;  hence,  the  unspecified 
stn'ss  may  then  lx*  directly  determined  from  equation  (4)  or 
from  th(*  corresponding  straight-line  plot.  A  disadvantage  ol 
starting  a  design  by  specifying  tlie  radial  or  tangential  stJ'ess 
is  that  the  unspecified  stress  may  be  too  high  or  in  sonu* 
otlu'r  way  imfavorabh'.  It  may  be  more  desirable  to  s])(‘cify 
the  equivalent  stress  cr,,  which  is  defined  by  tlu*  equation 


This  stress  is  usually  used  as  tlu*  criterion  for  plastii'-llow 
calculations  (refereiu'i*  4)  and  is  therefore  a  logical  design 
parameter.  Furthermore,  sjiecification  of  the  equivalent 
stress  insures  that  neither  the  radial  nor  the  tangential  stress 
will  be  unex])ectedly  high.  A  plot  of  (Jr,n  against  Qt,n  for  a 
given  value  of  results  in  an  ellipse  inclined  at  43°  to  the 
coordinate  axes.  The  intersection  of  tiu*  line  defined  by 
equation  (4)  and  the  ellipse  of  equation  (fi)  defines  the  sj)ecific 
values  of  (Jr,n  and  Although,  in  general,  a  straight  line 

intersects  an  ellipse  at  two  points,  the  proper  point  for 
design  use  is  usually  obvious  from  the  physical  nature  of  the 
problem. 

Design  chart. — A  design  chart  based  on  equations  (4)  and 
(6)  is  presented  in  figure  1(a).  The  straight  lines  correspond 
to  different  values  of  in  equation  (4)  and  the  ellipses  I 
correspond  to  different  values  of  equivalent  stress  This  | 

chart  is  us(*d  to  calculate  the  stresses  at  the  nth  station  after  f 
the  stresses  have  been  determined  at  the  (ri-Dst  station. 
The  value  of  Zn  is  calculated  by  ecjuation  (4)  from  conditions  1 
at  the  (?t-l)st  station  and  the  temperature  at  the  /ith  station, 
thereby  establishing  tlu*  line  along  which  and  must 
lie.  Intersection  of  this  line  with  the  ellipsi*  corresponding  ; 
to  the  assigned  value  of  equivalent  stress  at  the  nth  station  j 
establishes  <Jr,r,  and  crf.„.  Thus,  starting  at  a  station  near  the 
center  of  the  disk  (or  for  a  disk  with  a  central  hole,  at  the 
edge  of  the  hole),  where  the  I'adial  and  tangential  stresses 
bear  known  relations  to  the  equivalent  stress,  makes  it 
possible  to  proceed  with  the  determination  of  stresses  at 
successive  stations  of  increasing  radius. 

The  corresponding  chart  for  e(|iiation  (5)  is  figure  1(b), 
which  is  used  in  determining  the  stress  c'onditions  in  the  rim 
region;  whereas  figure  1(a)  is  used  for  determining  the  stress  ; 
conditions  in  the  central  region  of  the  disk. 

Determination  of  disk  profile.'—Whcn  the  stresses  have 
been  determined,  the  shape  of  the  disk  can  lx*  obtained  from 
the  finite-difference  equivalent  of  equation  (1).  .for  random  f  ; 
values  of  r„*^andJ/„_],  tlu*  equation  assuiiK's  the  iorm  , 


l^n-\ 

hn 


Vr,;  — / 


For^" . ;-■ '=-0.200  and  p,,=:p„.  !=-constant  density,  equa- 

^  71 

tion  (7)  Ix'comes 

}in-\  _  lO.OUo-,.  „ - a 

ll  ,,  8.b0(7r.,,_i  CT  ]  —  0.()40p»/’,ra)‘ 


(8.) 
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Figure  l.— Design  charts  lor  dcterminiiip  radial  and  tangential  stresses. 
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aiui  for  ‘  =  0.050  and  p„  =  p„„i  =  constant  density, 

V 

equation  (7)  becomes 

_  40.00q-,.n  — (T,.n  +  P»rnV  ,  . 

~K  38“00c7,.„.i  +  a,,„.i-0.903p„r„V 

Because  equations  (8)  and  (9)  grive  only  ratios  of  thick¬ 
ness  and  not  specific  thicknesses,  a  starting  point  for  calcu¬ 
lating  actual  thicknesses  must  be  obtained  from  other 
considerations,  for  example,  those  at  the  rim.  For  disks 
with  the  familiar  fir-tr(‘e  blade  attachments,  one  approach 
is  as  follows: 

With  reference  to  figure  2,  if  sufficient  clearance  is  provided 
in  the  fastening  between  the  blades  and  the  disk  to  prevent 
circumferential  tightening,  the  radial  stress  in  the  disk  at  the 
base  of  the  serrations  (at  radius  rt)  is  the  sum  of  the  cen¬ 
trifugal  stresses  produced  by  the  blades  and  by  the  serrated 
r(‘gions  of  the  rim. 


Figure  2.— Disk  nonionclature  for  dcrivaiion  of  rim  thickness. 

The  total  centrifugal  force  due  to  airfoil  sections  of  blades  is 

NtTbiAni  (10) 


The  serrated  bases  of  the  blades  and  the  base-retaining 
sections  of  the  disk  may  be  considered  as  a  discontinuous  ring 
of  material  subjected  to  centrifugal  effect,  the  serrations 
serving  to  eliminate  tangential  stresses.  'Wlien  it  is  assumed 
that  at  the  rim  the  thickness  ha  (fig.  2)  is  specified  from  con¬ 
siderations  of  bhuh'  design  and  that  tlie  thickness  tapers 
linearl}'  to  a  value  ht  (as  yet  to  be  determined)  at  the  base  of 
the  serrated  section  of  the  disk,  then  approximately: 

Total  centrifugal  force  on  serrated  sections  of  blades  and 
disk  is 


(speed')  (voluiiK')  (average  density)  (average  radius) 


or 


o)Hra~ri,) 


{hd-\-hb)  „  (rA+7’d)  (rfe+Td) 


(11) 


presumably  has  already  l)een  determiiuTl  from  tlu‘  disk 
design.  Hence. 

Total  resisting  force  at  rim  of  continuous  disk 
=  (stress)  (area) 

=  (rr,?,27rrftAft  (12) 

When  the  sum  of  equations  (10)  and  (11)  is  equated  to 
(‘quation  (12), 

h  —  4  AV  biAt,i+ 7rpa>^  (yy + Tb)  ^  {rd — r^)  hg  ,  . 

^  Sirrt(Tr.  6  —  TT  poj^  (?d + Tf,)  ^  (r^  —  rt) 

When  hb  has  been  determined,  the  thicknesses  at  the  remain- 
ifig  stations  in  the  disk  may  be  obtained  by  successive 

multiplication  ])y  the  ratio  An  application  of  the 

method  is  illustrated  by  the  following  example. 

ILLUSTRATIVE  DESIGN 

Requirements. — The  assumed  problem  is  to  design  a  disk 
of  9-inch  radius  to  carry  blades  that  require  a  1.9-inch  base 
thickness  {hd  —  1.9).  In  order  to  retain  the  blades,  a  serrated 
region  of  1-inch  radial  depth  is  necessary  (r^,  =  9"1  =  8  in.). 
Based  on  measurements  of  similar  disks,  the  temperature 
distribution  is  assumed  to  be  as  shown  in  figure  3,  and  as  an 
initial  design,  the  equivalent  stress  at  each  location  is  assumed 
to  be  equal  to  the  elastic  limit  of  the  material  at  the  operating 
temperature.  The  disk  is  to  operate  at  a  speed  of  1 1 ,850  rpm 
and  the  density  of  the  di.sk  and  blade  material  is  0.29  pound 
per  cubic  inch. 


Radio!  disfonce,  V,  in, 

Fkmtke  3.“Variation  of  temporaturo  with  di.sk  radius  assumed  for  illustrative  design. 


Establishment  of  stresses  satisfying  the  compatibility 
equation. — The  calculations  are  shown  in  table  I.  The  disk 
is  divided  into  18  stations.  Column  1  indicates  the  radius  at 
each  station  as  a  fraction  of  the  radius  of  the  continuous 
section  of  the  disk.  These  values  have  been  chosen  to  yield 

nine  stations  with  — ^”“‘  —  0.200  and  nine  stations  witli 


r  w  !^n~\ 


n 


-=0.050. 


The  actual  valui‘  of  /•„  at  each  station  is 


The  radial  stress  at  the  base  of  the  slots  is  ecpial  to  the  radial 
stress  at  the  rim  of  the  continuous  section  of  the  disk  and 


r, 
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obtained  by  multiplying  the  values  of  column  1  b}^  the  disk 
radius,  which  in  this  case  is  8  inches.  The  radii  are  listed  in 
column  2. 

The  difference  between  the  actual  temperature  and  the 
temperature  at  which  there  is  no  thermal  stress  is  listed  in 
column  3.  Because  in  this  case  the  stress-free  condition  is  at 
a  room  temperature  of  70°  F,  the  AT„  term  of  column  3  is 
obtained  by  subtracting  70°  F  from  the  actual  temperatures 
in  figure  3. 

The  elastic  moduli  and  the  coefficients  of  thermal  expan¬ 
sion  at  the  operating  temperatures  of  the  various  stations  are 
listed  in  columns  4  and  5,  respectively. 

The  values  a„ATn,  =  a„_iAT„_i,  and  E„Hn 

are  then  calculated  as  shown  in  columns  G,  7,  and  8,  respec- 
tivel3^ 

The  quantity  r„ViiW^  at  each  station  is  then  calculated,  as 
shown  in  column  9,  Column  10  lists  values  of  the  ratio 


E. 


needed  for  subsequent  calculations. 


Columns  11  and  12  arc  temporaril}’  bypassed,  and  in  col¬ 
umn  13  the  desired  equivalent  stress  at  each  station  is 
entered.  In  this  design,  the  equivalent  stresses  are  taken 
equal  to  the  elastic  limits  of  the  material  at  the  operating 
temperatures,  which  for  the  temperatures  of  figure  3  are 
shown  in  column  13. 

The  essential  stress  determinations  are  then  effected  by 
simultaneous  operation  on  columns  11  to  15.  At  station  a, 
the  radial  and  tangential  stresses  are  both  equal  to  (Te  and  are 
therefore  both  entered  as  76,500  pounds  per  square  inch  in 
columns  14  and  15.  These  stresses  are  used  to  determine 
the  value  of  Z  at  station  2  equal  to  49,600,  as  listed  in  column 
12.  Reference  to  figure  1(a)  then  shows  that  the  line  Z= 
49,600  intersects  the  ellipse  <7^=76,300  at  o-r,„=  76,000  and 
at  (rx.„= 75,000,  which  are  then  listed  in  columns  14  and  15. 
In  the  same  manner,  these  values  are  used  to  determine  the 
stresses  at  station  3  and  progressively  at  subsequent  stations. 
For  example,  at  station  8,  Z= 32,200  and  75,000.  Inter¬ 

section  of  the  corresponding  straight  line  and  ellipse  yields, 
in  figure  1(a),  <7-r,ii=8*3,000  and  62,000. 


T  —  r  _i 

At  station  10,  there  is  a  change  to  - - ^  =  0.050.  The 


only  effect  is  to  change  the  coefficients  in  column  1 1  and  to 
introduce  the  use  of  figure  1(b)  instead  of  1(a).  At  station 
10,  for  example,  Z=  13,800  and  <7^=73,000.  Intersection  of 
the  corresponding  straight  line  and  ellipse  in  figure  1(b) 
yields  (7r,„= 83,500,  and  (7,.n=42,500,  which  are  listed  in 
columns  14  and  15,  and  arc  subsequently  used  to  obtain 
the  value  for  Z  at  station  11.  Thus,  by  successive  and 
simultaneous  operation  on  the  various  columns,  values  of 
(Tr.n  and  (7t,n  Riay  be  obtained  for  each  station  that  are  con¬ 
sistent  with  the  compatibility  equation  and  combine  to  yield 


an  equivalent  stress  at  each  station  of  any  desired  value. 
(If  the  imposed  requirements  are  impossible  to  attain,  the 
necessary  straight  line  and  ellipse  will  not  intersect.  Thus, 
for  example,  were  it  arbitrarily  required  to  achieve  an  equiv¬ 
alent  stress  at  the  rim  of  40,000  Ib/sq  in.  while  maintaining 
the  equivalent  stresses  at  all  other  stations  at  the  values  listed 
in  column  13,  the  line  Z=  60,900  would  not  intersect  the 
ellipse  <7,=40,000.  The  indication  is  merely  that  no  physical 
disk  can  satisfy  the  requirements  and  that  the  requirements 
must  be  changed.) 

Determination  of  disk  profile. — Establishment  of  stresses 
by  means  of  the  compatibility  equation  makes  it  i)ossible  to 
obtain  thickness  ratios  in  accordance  with  equations  (7)  and 
(8).  Before  proceeding,  however,  examination  of  the  radial 
stress  at  the  rim  a-r,b  should  be  made  in  order  to  determine 
whether  or  not  it  will  yield  a  reasonable  value  of  thickness  Ih 
in  accordance  with  equation  (13).  Substitution  of  the  values 

N=54  Cti=^27fi00 

Am=0.625  p£o2=1150 

7-/,=8.00  r^— 9.00 


Ad-1.9 

in  equation  (13)  results  in  the  relation  between  A*  and  ar,b 
shown  in  figure  4.  Obviousl}’,  from  this  figure,  values  of 
Cr,b  below  18,000  pounds  per  square  inch  will  yield  inordi¬ 
nately  large  thickness  values  of  A^,  whereas  values  of  Cr,b 
above  40,000  pounds  per  square  inch  will  yield  inordinately 
low  values  while  overstressing  the  rim  material,  which  is 
operating  at  a  high  temperature.  The  allowable  radial  rim 
stress  can  be  ascertained  from  a  detailed  anal^^sis  of  creep 
strength  and  stress-rupture  values  of  the  rim  material  for 
the  desired  life  of  the  wheel;  but  in  any  case,  figure  4  indi¬ 
cates  that  the  reasonable  range  for  ar.h  is  between  18,000 
and  40,000  pounds  per  square  inch. 


Pnji'HE  -J.—  Uchiiion  ln'tAvirt\  thickiic.ss  jit  riiii  ol  c*ontimi(ms  station  of  disk  irnd  r.uliul  sMoss 
at  that  locaiioti. 
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()l)viously.  tlj(‘  vaiiH'  of  Or,h  in  table  1  obtained  in  the  first 
(leKM’mination  approximately  0)  does  not  lie  within 

the  aforementioned  reasonable  limits.  Tin'  reason  for  the 
very  low  value  of  o-,./,,  however,  is  th(‘  designation  of  the  low 
value  of  a, 58,000  ])Ounds  per  square  ineh  at  rim  of  con¬ 
tinuous  section  of  disk.  The  compatibility  condition 
demands  only  that  cr,  ^  and  lie  along  the  line  Z= 60,900 
(column  12,  table  1).  By  modification  of  the  demand  on 
a,  r.  the  individual  values  of  and  <Jr,b  can  be  moved  to 
oti:e!'  locations  along  Z=  60,900.  Thus,  for  example,  by  a 
change  in  the  requirements  on  Cc.h  to  63,500,  64,000,  67,700, 
and  72,900  pounds  per  square  inch,  the  values  of  Cr,t>  can  be 
successively  moved  to  18.000,  20,000,  30,000,  and  40,000 
pounds  per  square  inch  with  corresponding  changes  in  <7^,6 j 
all  these  values  are  given  in  table  L  Physically,  the  signifi¬ 
cance  of  this  result  is  the  impracticability  of  attempting  to 
find  a  disk  for  which  stresses  at  the  rim  will  not  exceed  the 
elastic  limit  if  all  the  other  regions  are  to  operate  exactly  at 
the  elastic  limit.  Allowing  the  rim  to  operat(^  somewhat 
above  the  elastic  limit  permits  the  remainder  of  the  disk  to 
be  kept  at  the  elastic  limit.  Under  unusual  conditions, 
modifying  several  stations  near  the  rim  may  be  necessary. 

The  values  of  are  now  computed  according  to  equa- 

tions  (8)  and  (9),  tlio  necessary  calculations  being  shown  in, 
columns  16,  17,  and  18.  Actual  values  of  are  obtained 

in  column  19  by  successive  multiplication  by  the  ratio 

starting  with  the  rim  value  K  determined  from  figure  4  for 
each  value  of  (jT,h  and  proceeding  toward  the  center  of  the 
disk.  The  disk  profiles  and  the  stress  distributions  are 
shown  in  figure  5.  The  slenderness  of  the  profiles  relative 
to  the  rim  is  the  result  of  operation  at  the  elastic  limit  in 
most  of  the  disk.  More  practical  disks  can  be  obtained  by 
assuming  Cc  values  yielding  greater  factors  of  safety.  The 
subject  of  allowable  design  stresses,  howe\  ‘ .  requires  con¬ 
siderable  experimental  investigation. 


SIMPLIFIED  METHOD  OF  STRESS  ANALYSIS  OF  GIVEN  DISK 

ELASTIC  STRr:SS 

A  method  for  cah'ulating  the  elastic-stress  (list ril)Ut ion  in 
a  disk  of  given  design  is  presented  in  reference  3.  Altliough 
this  method  can  be  directly  us(‘d  to  ch(H*k  the  strc'ss  distii- 
bution  in  any  disk  designed  by  the  pi’ocedure  de^crilxul 
herein,  simplifications  can  be  made  that  ap])re(‘iably  redinu' 
the  amount  of  labor  involved  in  calculation. 

Simplification  of  equations. — Briefly,  the  method  of  refer¬ 
ence  3  consists  in  rewriting  stress  equatioiis  (1)  and  (2)  in 
finite-difiei’enc(‘  form  and  solving  these  equations  to  obtain 

(T  r.n~  ) 

>  (14) 

where  Gt,a  is  the  tangential  stiTss  at  the  first  point  station  in 
the  disk  and  remains  unknown  until  the  end  of  the  calcula¬ 
tion.  The  coefficients  „  and  so  forth  are  determined  from 
the  equations 

■N 

>.‘1  r ^ A. r , n  -  1  — 1 

Thus,  if  the  coefficients  Br,  and  B,  arc  known  at  the 

(n-l)st  station,  they  are  readily  determined  at  the  /tth  station 
from  equations  (15).  The  coefficients  at  the  first  station 
[r^a)  are  known.  Foi’  a  solid  disk 


and  for  a  disk  with  a  central  hole 

Ar,a  =  Br.a^Bua^0 


80x101- 


Hence,  successive  applications  of  equations  (15)  \iold  tlu 
coefficients  for  subscHjuent  substitution  in  (Hpiations  (14)  for 
actual  stiTSs  determinations.  The  value  of  a is  determined 
from  the  condition  at  the  rim  wlnu-e  the  radial  stress  is  known. 


C  l  2  3  A  5  6  7  8 

Rodiol  distance,  in. 

Ki". t'HK  Strt'S8  (tislributions  :uhI  disk  profiles  for  illustrative  desiens  with  .several  assipiied 
values  of  radial  rim  .stress. 


Thus,  from  the  first  of  (equations  (14) 


where  (7,  ^,  is  tlu‘  radial  rim  stress  and  Arj>  and  Br,u  are  th(‘ 
coefficients  as  determined  in  the  last  of  the  suc(‘essive  appli(“a- 
tions  of  (‘(piations  (15). 

Tlu*  bulk  of  the  com])Utational  work  in  a  strt‘ss  analysis  is 
coniaiiuHl  in  the  determination  of  the  coefneients  K,„  L,„  and 
so  forth,  in  (*quations  (15).  When  the  stations  an*  randomly 
chosen,  the  (‘quations  for  th(*se  co(*fficients  are  com])li(’a1e(l. 


METHOD  OF  DESION  AND  STRESS  ANALYSIS  OF 


ROTATING  DISKS  WITH  TEMPERATURE  GRADIENT 


A  jrn'Ht  mliiction  in  tlu'  amount  of  labor  is  oflVctad  if  tlu' 
stations  aro  choson  ac’cordinjr  to  an  assignod  valiio  of 

'  n 

In  addition,  if  Poissoirs  ratio  is  assumed  constant  as  m"0.333 
the  expressions  assume  the  simplified  form  given  in  the 
following  table: 


TABLE  A 


^"‘‘-0.050 

r» 

r^xr.-j.o.2(X) 

Tn 

Kn 

A*— t  En 

0.959  -^  -0.007  - 

0.8,31  -0.01. I -i" 

An 

u 

0.02.'i  'J— ‘+O.C24 

0.104  +0.077 

An  hn~\  , 

K\ 

0J40^'-0.2W 

0.343  ^--O-lfiS 

An  En-\ 

,  L\  ^ 

0.009 

0.043  V- +0.707  J- 
An  iJ'ii-i 

j  AL 

1  1 

-  0.023  P-I+0.02.SP.  ^ 

(s.mEnir. 

-(^O.OCu  pn-t+0,104pn)  rn«a>2- 

o.n92/':n/rn  •  i 

M'r.  1  -(o.OO^^  p,-i+0.00yp») 

j  0.977£.//'«  i 

1  0.027  -^-'  pn-l  +  0,04.3pn)  rnJw?- 

i 

Alinement  charts. — Evaluation  of  the  coefficients  Kn, 
K'„,  and  so  forth  from  tlie  expressions  given  in  table  A  is 
possible.  A  further  reduction  in  labor,  however,  can  be 
effected  by  the  use  of  the  alinement  charts  in  figure  G.  For 
example,  in  figure  6(a),  joining  with  a  straight  line  the  points 

■p  k 

^”-=0.987  and  -^^=1.185  yields  intersections  on  the  suit¬ 
able  scales  for  values  X„=0.199,  L\—  0.808,  /i„=0.972,  and 
K'„=0.25(j,  which  check  closely  with  calculations  based  on 
the  expressions  in  table  A.  If  the  density  can  be  considered 
constant  between  two  stations  (p„=p„_v),  the  values  of  Ain 
and  M'n  can  also  be  obtained  from  the  charts  in  figure  6. 

As  an  example,  if 1 .185, 7„'pw“=20.5X  10^,  and  E„IT 


5..5X10^  the  corresponding  values  of 


hn 


and  arc 


joined  by  a  straight  line  to  determine  the  supplementary 
point  P.  which  is  then  joined  to  E„H' to  yield 
intersections  AI„= — 4.3X10^  and  AI'n= — 6.6X10'^  Be¬ 
tween  any  two  stations  where  a  change  in  density  occurs, 
the  expressions  for  A/„  and  Af'p  in  the  table  must  be  used. 

Illustrative  Sample. — The  necessary  calculations  ar(‘ 
shown  in  table  II  for  the  determination  of  the  elastic  stresses 
in  a  disk  of  given  design,  wliich  are  the  disks  formerly  de¬ 
signed  for  the  various  assumed  radial  j-im  stresses.  Tin' 
coefficients  K„,  Ln,  and  so  forth  listed  in  columns  20  to  2.5 
are  determined  from  values  listed  in  table  1  us('d  with  tin' 
alitiement  charts  of  figur('  (>.  Values  beyond  the  range  of 
the  charts  given  in  figure  0  may  be  computed  from  tin' 
equations  given  in  table  A.  Columns  20  to  29  list  tin'  .4  and 
B  coefficients  as  determined  from  equations  (1.5)  in  which  the 


values  listed  in  equations  (10)  are  used  as  the  initial  condi 
tions.  The  value  of  is  tln'ii  determined  with  the  aid  of 
equation  (18),  and  the  radial  and  tangential  stresses  at  all 
stations  are  obtained  from  equations  (14)  and  listed  in  col¬ 
umns  30  and  31.  respectively.  The  equivalent  stresst's  at 
various  stations  are  listed  in  column  32.  and  the  yield  stresses 
at  eacli  station,  which  were  the  design  criterions,  are  listed 
in  column  33.  A  correlation  of  satisfactory  engineering 
accuracy  exists  between  the  computed  stresses  and  tin'  design 
stresses  shown  in  columns  14  and  15  of  table  I. 

PLASTIC  STRESSES 

Modification  of  elastic-stress  equations. — A  method  for 
('alculating  the  stress  distribution  in  a  disk  subjected  to  plastic 
flow  is  presented  in  referemT'  4.  The  form  of  the  calculation 
is  similar  to  that  of  an  elastic-stress  determination,  except 
that  the  term  //'„  in  the  expression  for  AI„  and  M'n  (table  A) 
is  replaced  by  where  depends  on  the  plastic 

strains  in  the  radial  and  tangential  directions.  In  practice, 
the  plastic  strains  are  estimated  and  a  stress  distribution  is 
determined.  Comparison  of  the  plastic  strains  based  on  tlu' 
calculated  stress  values  with  the  plastic  strains  assumed  in 
order  to  determine  these  stresses  permits  better  subsequent 
estimates.  Wlien  resultant  strain  values  agree  closely  with 
assuhied  strain  values,  the  strains  are  assumed  to  be  correct. 

The  values  of  P'n  to  be  used  in  the  application  of  the  sim¬ 
plified  method  arc  given  in  the  following  table: 


TABLE  B 


Tn-rn-J 

J*'n  *  ' 

r* 

0.200 

('.100  Ar,n+0,125  Ar.n-l-1.100A<.n+O.S75,lt.»-l 

0.050 

('.02.5  A,.»+0.02(j  Ar.n-i-1.02.5.i<,n+0.974  i 

where  Ar,n  is  the  plastic  radial  strain  at  tlie  nth  station,  and 
the  other  A  terms  represent  other  plastic  strains  according 
to  the  notation  of  this  report.  The  detailed  procedure  for 
estimating  the  plastic  strains  and  checking  with  computed 
values  is  given  in  reference  4. 

Similarly  for  creep  calculations,  Q'n  terms  are  added  to  the 
P'n  terms,  the  form  of  the  expressions  being  identical  to 
those  for  P'n  in  table  B  except  tliat  the  A  terms  are  reiMaced 
by  creep  terms  6,  as  discussed  in  I'cfi'rence  4. 

Illustrative  example. — As  an  illustration  of  practical  pro¬ 
cedure,  the  disk  previously  designed  foi’  a  radial  stress  of 
30,000  pounds  per  square  inch  at  the  rim  is  considered.  As 
pointed  out  in  tlu'  design  calculations,  any  radial  stress  above 
0  pounds  p(‘r  square  inch  at  the  rim  will  cause  the  equivalent 
stress  to  exf'ei'd  tin'  elastic  limit;  In'iice.  plastic  flow  must 
occur.  The  amount  of  plastic  flow  in  this  case  is  small  and 
is  confined  to  the  singh'  station  at  the  rim.  but  the  method 
involved  is  essc'ntially  the  same  for  the  more  c‘ompli(‘aled 
cases  involving  plastic  flow  at  sev{*ral  stations  and  previouslx 
accumulated  plastic  flow  and  cree]).  Examination  of  reiei- 
ence  4  will  indicat(‘  the  procedur('  in  the  moi‘('  complicated 


cases. 


KiGi'Ht;  f'».— AUneiiicnt  charts  for  lictcruiinint:  constntits  for  finiti*-(litT»*n*it(>c  cijuatiniis  of  stress's  in  tiirliinc  disks. 


KEPORT  952-  -NA^’IONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


10 


f''i(;rKK  7.-~Str(>ss-strain  onrvp  for  disk  niuteriul  at  lOTO® 

The  stross-strain  curve  for  the  disk  materiai  at  the  oper¬ 
ating  tempera tur(*  of  1070°  Fas  given  in  figure  7.  Point  A 
is  the  calculated  elastic  equivalent  stress  at  the  rim,  B  the 
yield  point,  and  C  the  intersection  with  the  stress-strain 
curve  of  a  verti(*al  line  drawn  through  A.  In  ac(‘ordance 
with  the  method  of  reference  4,  the  strain  CD  is  the  first 
approximation  of  the  plastic  strain.  The  valiu'  is  listed  in 
(‘olumns  34  and  35  of  table  III  for  station  b.  Columns  30 
and  37  list  tln^  ap])roxiinatt‘d  radial  and  tangential  plastic 
strains  obtained  from  ecpiations  (20)  of  ref(*rence  4.  The 
value  of  F\  determined  from  table  P,  is  listf'd  in  column 
38.  Column  30  corresponds  to  column  8  of  tabh'  I  used  in 
the  elastic-stress  calculations;  tlu'  only  diflVrence  is  that 
ir,rP'„  has  rc'placed  //,).  Fi'om  this  ])oinl,  the  calculations 
ar('  idfuilical  to  elastic-stress  calculations  and  are  shown  in 
columns  24.  25.  and  28  to  32  (table  III),  which  are  similar 
to  th(‘  corresponding  columns  of  table  II.  Further  aj)t)roxi- 
mations,  made  in  accordan(*('  with  tin*  method  of  r('ferenc(‘ 
4,  are  also  shown  in  tabh'  III  to  obtain  great (‘r  a(*curacy  of 
approximation. 


COMMENT  ON  SIGNIFICANCE  OF  THERMAL  STRESSES 

The  design  mctho<!  (h'scribed  assigns  equal  import aiici' 
to  the  thermal  and  c(‘ntrifugal  stresses.  Tl)('  tnn*  relativt' 
im])ortance  of  these  two  types  of  stress  is.  howevt'r,  as  y('t 
to  be  evaluated.  Whereas  the  centrifugal  stress(‘s  ar(‘ 
inherently  necessary  to  balance  the'  centrifugal  for(*es  ol 
rotation — so  that  yielding  due  to  overstressing  in  oiu'  region 
shifts  the  load  and  thereby  increases  the  stn'ss  in  another 
region — the  thermal  stresses  constitute  an  internally  l)alanced 
system.  Tension  in  oiu'  region  balanc(‘s  comprt'ssion  in 
others;  hence,  plastic  flow  in  one  region  rediu'es  tlu'  tlu'rmal 
stresses  in  another  region.  When  considering  bursting 
strength,  for  example,  centrifugal  stressi's  ar(‘  ])robably  of 
greater  importance  than  thermal  stresses.  In  tin'  case  of 
rim  cracking  (reference  8),  which  is  in  part  due  to  cyclic 
plastic  flow  at  the  rim,  the  thermal  stress('s  are.  however, 
fully  as  important  as  the  centrifugal  stresses.  Likewise, 
when  disk  deformations  are  considered  in  designing  for  clos(‘ 
mechanical  tolerances,  thermal  stresses  must  r('C(‘iv(‘  atten¬ 
tion  equal  to  that  given  to  centrifugal  stress(‘s. 

The  relative  importance  of  centrifugal  and  thermal 
stresses  depends,  to  a  great  extent,  on  the  ductility  of  tlu' 
disk  material.  As  yet,  experimental  data  ar(‘  very  meager 
on  the  significance  of  ductility.  In  any  case,  however, 
because  the  distinction  between  the  two  tyj)es  of  stress  can 
only  be  realized  aftei-  the  occurrence  of  plastic  flow  and 
because  the  behavior  of  a  material  in  subsequent  loading 
depends  on  its  previous  stress-sti’ain  history,  thermal  stresses 
should  receive  detailed  attention  early  in  the  design  in  order 
to  minimize  any  d(‘trimental  effecUs  that  may  result  from 
their  omission. 


Lewis  Flight  Phoculsion  Laboratory, 

Nation AL  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  April  4,  1949. 
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APPENDIX 


SYMBOLS 


111  addition  to  ihv  symbols  used  herein,  the  symbols 
of  references  8  and  4  of  whi(*h  application  is  made  in  this 
report  are  defined.  Tlu'  various  coefRcients  aic  «^iven  in 
their  general  form  for  random  sjiacing  of  the  j)oint  stations. 
From  lhes(‘  coefficients,  th(‘  simplified  coefficients  can  be 

obtained  by  dire(‘t  substitution  of  constant  and 

*  f  71 

^  =  const  ant. 

base  area  of  airfoil  section  of  blade,  sq  in. 

E  elastic  modulus  of  disk  material,  Ib/sq  in. 
h  axial  thickness  of  disk,  in. 

N  number  of  blades  supported  liy  dish 
/  ladial  distance,  in. 

T  temperature,  °F 

a  coefficient  of  thermal  expansion  Ix'tween  actual 

temperature  and  temperature  at  z{‘ro  thermal  stress, 
in./(in.)(°Fj 

A  plastic  increment  of  strain,  in. /in. 

A,  plastic  increment  of  strain  in  radial  dii‘ection,  in./in. 

A/  plastic  increment  of  strain  in  tangential  direction, 

in./in. 

AT  temperature  increment  above  temperature  of  zero 
thermal  stress,  °F 

5;.  creep  increment  in  I’adial  direction,  in. /in. 

5,  creep  increment  in  tangential  direction,  in. /in. 

€p  plastic  strain  corresponding  to  stress  in  tensile 

specimen,  in. /in. 
l^oisson's  ratio 

p  mass  density  of  disk  material,  (11>)  {sec^)/in.'‘ 

Gyi  stress  at  base  of  airfoil  section  of  blade.  Ib/sq  in. 
c,  equivalent  stress,  Ib/sq  in. 

ffr  radial  stress,  Ib/sq  in.  _ _ 

(Tf  tangential  stress.  Ib/sq  in. 

Cp  proportional  elastic  limit,  Ib/sq  in. 

oj  angular  velocity,  radians/sec 

The  following  suppleimuitary  subscripts  are  used  for  de¬ 
noting  values  of  the  j) recced ing  symbols  in  connection  with 
the  fin  it  (‘-difference  solution: 

„  7/th  point  station 

(7/-])st  jloint  station 

station  at  smallest  disk  I'adius  considered  (For  disk 
with  a  central  hole,  this  station  is  taken  at  the 
radius  of  th(‘  c{'ntral  hole:  for  a  solid  disk,  this 
station  is  taken  at  a  radius  aj)proximately  10 
|)ercent  of  the  rim  radius,  which  is  larg(‘r  than  that 
(5  percent  )  r('(“oinnH‘nded  in  refei’ence  .“h  The 
value  of  10  pei'cent  yields  results  of  satisfactory 
accuracy  and  ])ermitp  the  use  of  fewtu*  stations 


/,  station  at  rim  of  continuous  section  of  disk  or  base 

of  blades 

,,  station  at  rim  of  disk  or  base  of  airfoil  section  of 

blades 

The  following  supplementary  symbols  denote,  combina- 
tioiis  of  the  previous  symbols: 

Ar,n  \  stress  coefficients  defined  by  equations 

I  <^T.7i~Ar.n<Tt,aABr,7i 


_  Mn  , 

2E,r„ 


=  2  ('■«— 

_  1  ,  —  ^»-l) 

'  2E„r„ 

—  7'n-lkn-l 

— _  (i+M.-OC.-r, 

E„^l  2£'n_lJ‘B-l 


wlicn  coiistiml  vnluc  of 


is  list'd. 


2  ^'n— l)^,— I 

_ 1 _ (1 4-  liji-i)  (>’» — z'.-i) 


u^jrn—r,..  i)  (p„/(„r.-'-rp._i/t. 

F\D„-F„D'„ 

'C\D„-C\D'„ 

C\F'n-C’,F„ 

UJ'JJ„-C7D'„ 

''  c\v,-cjy„ 

(y" vO„-\-C^  G'„ 

' . 

(  ' '  nl'F,-T  Fvill'  n  F  jt—Q'  v) 

' . r'„z7.-/,’7e\ 


(11 ) 
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(M„  and  M'„  aic  deiiiual  in  the  elastic  case  foi- 


r'n^Q'r^G) 


2/-.'  '  ) 


For  ’  =  0.050, 

?’n 

Zn=S’'  (0.f)«5<7,,„_,-0.298<r,,„_,)-E„f/' 

^n-\ 

For  =2 0.200, 

r„ 

w 

Z„  =  ,.—  (0.833cr,.„_,-0.16f)a,.„^,)-£'„iE/' 


METHOD  OF  DESIGN  AND  STRESS  ANALYSIS  OF  ROTATING  DISKS  WITH  TEMPERATURE  GRADIENT 
TABLE  I.— CALCULATION  OF  DISK  PROFILES  FOR  ILLUSTRATIVE  DESIGN 


1 

2 

3 

4 

8 

r. 

7 

8 

9 

10 

r«. 

H'n. 

Enir., 

En 

En  1 

n 

Tn 

AT. 

On 

Tb 

TiXd) 

(3)X(5) 

(6) -(6),-, 

(4)X(7) 

(2)»X1150 

(4)4-(4),-, 

0  2no 

0.  100 

0,848 

370 

28.6X10® 

8. 89X10-® 

3.  289X10'® 

1.40XJO® 

1.28X10® 

l.(XK» 

2 

2fin 

,  132 

1.056 

375 

28.6 

8. 90 

3.338 

0.  049X10-® 

3 

!  200 

.  165 

1.320 

380 

28.5 

8. 90 

3. 382 

.044 

1.  25 

2.00 

• 

2ix) 

.206 

1.648 

385 

28.5 

8.91 

3.  430 

.048 

1.37 

3. 12 

1 » OtKi 

5 

.  200 

.258 

2.  064 

395 

28.4 

8. 93 

3.  627 

,097 

2.  75 

4.90 

.  996 

200 

.322 

2.  576 

410 

28.3 

8.95 

3.  670 

.143 

4.  05 

7.63 

.  996 

.  403 

3,224 

435 

28.2 

9.00 

3. 915  i 

.245 

6.91 

11.  95 

.  99(>  i 

!  604 

4.032 

470 

28.0 

9.05 

4.254 

.339 

9.49 

18.  70 

.993 

9 

!  200 

.630 

6.040 

560 

27.4 

9. 20 

5. 152 

.898 

24.61 

29.19 

.979  ! 

10 

!  050 

.663 

5.304 

580 

27.3 

9.23  ! 

5. 3.W 

.201 

5.49 

32. 35 

.  996  [ 

11 

.050 

.698 

6,584 

610 

27.0 

9.28  i 

5.  661 

.308 

8.32 

35.86 

.  989  ; 

12 

!  050 

.735 

6.880 

645 

26.8 

9.33  1 

6,018 

.357 

9.57 

39.  76 

.993  1 

13 

*050 

.  773 

6. 184 

685 

26.5 

9.40 

6.  439 

.421 

11.16 

43.  9K 

.989 

!  050 

.  814 

6.  512 

730 

26. 1 

9.48 

6.920 

.481 

12.55 

48.  77 

.985  1 

15 

,  050 

.857 

6.856 

785 

25.6 

9.  60 

7.  505 

.585 

14.98 

54.  05 

.  981 

16 

*060 

.902 

7.216 

845 

24.8 

9.66 

8.163 

.668 

16.  32 

59.88 

.  969  I 

17 

*050 

!  950 

7,  600 

910 

23.5 

9.77 

8. 891 

.728 

17.11 

66.  42 

.948  1 

b 

!o5o 

1.000 

8.000 

1000 

21.4 

9.92 

9.  920 

1.029 

22. 02 

73.60 

,911  1 

11 

12 

13 

14 

15 

16 

18 

19 

8.00X(14).-i4- 

10.00XO4) 

hj^l 

08),+iX09)«41 

n 

-0.166X(14)„.i 

(n)X^0)-(8) 

0»,n 

ffl.B 

(15)n.i-0.64X(9) 

-05)4(9) 

(17) +06) 

18,000 

20,000 

30,000 

40,000 

a 

2 

3 

4 

6 

6 

7 

8 

9 

51.0X10* 

49.9 

49.0 

48.0 

47.0 

46.6 

42.0 

37.9 

49.  6X10* 

48.5 

47.6 
'  45.1 

42.8 

38.5 

32.2 

12.5 

76.5X10* 

76.3 

76.2 

76.1 

76.0 

75.9 

75.5 

75.0 

73.5 

76.  5X10* 
76.0 

76.  0 

77.0 

78.0 

79.0 

80.5 

83.0 

84.0 

76.5X10* 

75.0 

74.0 

73.0 

72.0 

70,6 

66.5 

62.0 

46.0 

688X10*  * 

682 

680 

686 

691 

695 

699 

707 

686X10® 

688 

700 

713 

727 

760 

787 

823 

0.  997 
1.009 
1.029 
1.039 
1.052 
1.079 
1.126 
1.164 

1.86 

1.87 

1.85 

1.80 

1.73 

1.64 

1.52 

1.35 

1.16 

1.75 

1.76 
1.74 
1.69 
1.63 
1.55 
1.44 
1.28 
1.10 

1.50 

1,60 

1.49 

1.45 

3.40 

1.33 

1.23 

1.09 

.94 

1.36 

1.36 

1.35 

1.31 

1.20 

1.20 

l.Il 

.99 

.85 

0,965X(15)„-i 
-0.298X04)  »-t 

38.00X04)  •-!+ 
{16)«^i-0.903X(0) 

40.00X(14) 

-06)4(9) 

10 

11 

12 

13 

14 

15 

16 

17 

19.4X10* 

16.1 

10.6 

4.0 

-3.1 

-11.1 

-20.9 

-32.3 

13.8 

7.6 

.8 

-7.2 

-16.6 

-25.9 

-36.6 

-47.7 

-60.9 

73.0 

72.5 

71.5 

70.5 

69.5 

68.0 

65.8 

63.0 

60.0 

83.5 

83.0 

82.  0 

78.6 

74.5 

67.0 

56.5 

43.0 

42.5 

36.6 

29.5 

21.0 

11.5 
-1.0 

-16.0 

-31.0 

-60.0 

-53.0 

-62.0 

-48.0 

-44.6 

3209X10* 

3183 

3155 

3106 

2960 

2794 

2491 

2071 

1637 

1637 

1637 

1637 

1637 

3330X10* 

3319 

3290 

3163 

3017 

2735 

2336 

1817 

134 

847 

926 

1322 

1718 

1.038 
1.043 
1.043 
1.018 
1.019 
.979 
.938 
.877 
.087 
.551 
.602 
.  860 

1.12 

1.07 

1.03 

1.01 

.99 

1.01 

1.08 

1.23 

1.06 

1.02 

.98 

.96 

.94 

.96 

1.02 

1.16 

.91 

.87 

.83 

.82 

.80 

.82 

.87 

.99 

.82 

.79 

.76 

.75 

.74 

.76 

.81 

.92 

h 

-42.7 

0 

18.0 

20.0 

30.0 

40.  0 

2.23 

b 

b 

-42.7 

-42.7 

—60.9 

-60.9 

-60.9 

-60.9 

63. 5  ^ 

64.0  . 

1.93 

i.  16 

b 

b 

-42.7 

-42.7 

67. 7 

72,9 

i!ii8 

_ 

.82 

Approximation  | 
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'I'ABLE  II. —CALCULATION  OF  ELASTIC’  STRESSES  FOR  ILLUSTRATIVE  DESIGN 


111) 

21 

22 

24 

26 

27 

2.> 

1 

29 

30 

31 

32 

A',. 

A".. 

L\ 

Mn 

Mr. 

A . 

-1/.. 

Ar„. 

Jit.., 

ar.n. 

a  t.r>. 

«.n. 

11 

From  table  I, 

(IS)  and  (lO't 

fJ81.  (9), 

(8) 

f20)XC6u.i 

+f2nX(27)„M 

(22}Xf26)  „-i 
+  C23)X(27)„-i 

{20)X(2a)„M 
+  (21)X(29)„-) 
+(24) 

(22)Xf28)r.-i 

+  (23)X(2y) 
+C25- 

(ffr.fc- 

Jl.a  j 

r«  6 

/(30)3+f31)» 
V  -(:10)X(31) 

Coefficients  derermined  from  fipure  f. 
or  from  table  A 

ai.aXf26) 
+  (28) 

<ri.aX(27) 

+  (29) 

u 

1.000 

I.(MH) 

0 

0 

76.  1X103 

70.1X103 

76. 1X103 

76.5X103 

•2 

0.  816 

0.  ISO 

0.  ISO 

0.  810 

-0.4X10^ 

-1.4X103 

.  9<)6 

.  yi»o 

-0.4X103 

-1.4X103 

75.  4 

74.6 

75.  0 

76.  3 

.  82*. 

.  ISl 

.  194 

.808 

-.5 

-1.3 

1.004 

1,(KK) 

-1.  1 

-2.  5 

T/i, 

73,  6 

74.  5 

76.  2 

4 

.84:i 

.  184 

.  200 

.811 

—  7 

-1.5 

l.IWO 

1.012 

-2.  1 

-3.7 

76.  3 

73. 3 

74.8 

76.  I 

.') 

.851 

.184 

.2(M 

.  809 

-1.1 

-2.9 

l.Of.'t 

i  1.028 

-3.  6 

-6.  3 

77.3 

71.9 

74.7 

70. 0 

(') 

.862 

.18*i 

.208 

.800 

-1.7 

-4.3 

1.  108 

1  10,53 

-6.  0 

-10.  1 

78,3 

70. 0 

74.5 

75.9 

7 

.885 

.  18(f 

.218 

.810 

-2.7 

—  7.  2 

1.180  I 

i  1.094 

-9.9 

-16.7 

79.  9 

60.  6 

74. 1 

75.  5 

S 

.924 

.  193 

.  2.34 

.810 

-4.2 

-10. 1 

1.301 

1.  162 

:  -16,6 

-25.  9 

i  82,4 

62.  5 

74.5 

75. 0 

« 

.  956 

.  196 

.249 

.801 

-7.0 

-24.  K 

1.472  i 

I.2.V. 

1  -28, 5 

-49.  7 

i  8;i..5 

45.8 

72.4 

73.5 

U) 

.988 

.050 

,  0f>3 

.947 

-1.7 

-5.9 

1.517 

1.281 

1  -32. 3 

-54.  8 

i  8:1. 1 

42.7 

72.0 

73.  0 

1) 

.998 

.  0.50 

.  067 

.941 

-2.  0 

-8.8 

1.570 

1.307 

!  -36,  8 

-62.  5 

1  82.7 

37,  0 

71.8 

!  72.5 

V2 

.993 

.0.50 

.  or>6 

.  945 

-2.2 

-10.0 

1.  624 

i.;«9 

:  -41.9  1 

1  -71.5 

1  81.7 

30.4 

71.5 

1  71.5 

in 

,909 

.  .W9 

.  0.58 

.941 

-2.4 

-11.7 

1.  639 

1.354 

-46.  5 

-81.4 

78.  2 

21.6 

69.9 

1  70.5 

■  14 

.970 

■  .(M9 

.(K'.0 

.9.37 

-2.7 

-13.  1 

I.  6.56 

l.,367 

-51.8 

-92.  2 

74,2 

11.8 

69.  1 

:  09.5 

:  15 

.932 

.048 

.047 

.  9.33 

“2.9 

-15.5 

1.  609 

1.3.53 

-.55.  6 

-104.0 

66.8 

-1.0 

07.  3 

i  68.0 

If. 

.892 

.047 

.  (’37 

.921 

-3.2 

-16.9 

1.  499 

1.:106 

-,57.  7 

-114.7 

56.  4 

-15.3 

65.4 

6,5.8 

:  17 
h 

.834 

.044 

.022 

.  901 

-3.  4 

-17.8 

1.30,-i 

1.210 

-56.  6 

-122.4 

42,9 

-30.  3 

6:3.7 

63.  0 

)> 

.522 

.  (Vt.'i 

-.078 

.  Sf^t 

. 

-3.  3 

-22.4 

.72,5 

.  942  ! 

-37.  1 

-12:1.6 

18.0 

-sT.  9 

62.9 

58.0 

U 

.  571  1 

.  OiT  ' 

-.06(1  ' 

.864 

-.3.  4 

-22. 5  1 

.792 

.  967  1 

1  -40. 2 

-124.9 

20.  0 

-51.3 

(•s3.  8 

68.0 

b 

.818  ! 

.  mn  . 

.  027 

.  866 

-3. 9 

-22.7  ! 

1. 122  : 

1.  083 

;  -.55,5  1 

-130.2 

30.  0 

-47.8 

67.9 

58.0 

h 

l.OOtl 

.ti.5o  ; 

.115  ^ 

.  868 

-4.3 

-22.9  i 

1.4,55  ! 

1 

I.  201 

-70, 8  1 

-1,35.7 

40,  0 

-44.3 

73.0 

58.0 

TABLE  IIL—CALCULATION  OF  PLASTIC  STRESSES  FOR  ILLUSTRATIVE  DESIGN 


kr,fc=30.000] 


rn-r,-i 

Tn 


0. 2{K) 

0.  050 

i  34 

35 

36 

37 

38 

38 

24  25 

28 

30 

31 

:i2 

Ar.,. 

A,,„. 

P'n, 

M.  ! 

lif.n, 

R,.«, 

Or.n. 

Ol.H, 

0.50X(35) 

(32) 

I2x(:3(n-f3i)j 

0.,50X(35) 

(32)  ^ 

|2X(31)-(30)] 

0.100(36)  + 

0.02,5(30)  + 

C20)X(28)„-i 
+(2l)X(29)„-, 
+  (24) 

(?2)X(28)«-i 
+  (23)XC29)«-i 
+  (25) 

(fig.  7) 

j((\stiinat(*)| 

0.1 25(36) 
-1.1(K)(37)  + 
0.875(37)„-i: 

0.026(30) 

|-1.025f3D+ 

!  0.974(37) n-r 

(4)X 

I(D-(3S)) 

From  ftp.  6  usinp 
cols.  (9).  (18). 
and  (39) 

<7..aX(26) 

+(28) 

a,.,X(27) 

+(29) 

l(30)^+(31P 
y  -(30)X(31) 

0  ! 

0 

(1 

1 

.20X1(H! 
0  1 

.20XHHt 
0  1 
.21  ! 

.  159X10-3 
0  1 

185X10-*, 
0"  1 

. 

0.  194X10-3; 

17.9X10-3 

-3.7X103,  -18.7X103 

-,55.3X103 

-126.2X103 

30.0X103 

-43.9X103 

64.4X10* 

.22 

.  169  ' 

-  i 

. ! 

.201 

-3.7  i  -18.5 

-55,3 

-126.0 

1  30.0 

-43.7 

64.  2 

HN^:! 


;  I N  7  1  n  «  OFFICE: 


